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1. Introduction 



Let t > 0} be a one-dimensional standard Brownian motion with W{0) = 0, and let 

{L{t,x); t > 0, X e M.} denote its jointly continuous local time process. That is, for any Borel 
function / > 0, 

/•t POO 

f{W{s))ds= f{x)L{t,x)dx, t>0. 

Jo J-oo 

We are interested in the process 

(1-1) yit)--=fJ^^ t>o. 



W{s) 

Rigorously speaking, the integral ds/W{s) should be considered in the sense of Cauchy's prin- 
cipal value, i.e., Y{t) is defined by 

/ ^ ... ^ ds ^ f°° L(t,x)-L(t,-X) ^ 

Since x L{t,x) is Holder continuous of order u, for any u < 1/2, the integral on the extreme 
right in (1.2) is almost surely absolutely convergent for all t > 0. The process {Y{t), t > 0} is 
called the principal value of Brownian local time. 

It is easily seen that Y{-) inherits a scaling property from Brownian motion, namely, for any 
fixed a > 0, t a~^/^Y{at) has the same law as t hh. Y{t). Although some properties distinguish 
Y{-) from Brownian motion (in particular, Y{-) is not a semimartingale) , it is a kind of folklore that 
Y behaves somewhat like a Brownian motion. For detailed studies and surveys on principal value, 
and relation to Hilbert transform see Biane and Yor [4], Fitzsimmons and Getoor [13], Bertoin [2], 
[3], Yamada [20], Boufoussi et al. [5], Ait Ouahra and Eddahbi [1], Csaki et al. [11] and a collection 
of papers [22] together with their references. Biane and Yor [4] presented a detailed study on Y 
and determined a number of distributions for principal values and related processes. 

Concerning almost sure limit theorems for Y and its increments, we summarize the relevant 
results in the literature. It was shown in [17] that the following law of the iterated logarithm holds: 

Theorem A. (Hu and Shi [17]) 

(1.3) limsup ^ii2= = VS, a.s. 

^ ' T^J VTloglogT 

This was extended in [10] to a Strassen-type [18] functional law of the iterated logarithm. 
Theorem B. (Csaki et al. [10]) With probability one the set 



is relatively compact in C[0, 1] with limit set equal to 

(1.5) 5 := |/ G C[0, 1] : /(O) = 0, / is absolutely continuous and {f'{x)f da; < l| 

Concerning Chung-type law of the iterated logarithm, we have the following result: 
Theorem C. (Hu [16]) 



(1.6) liminf V °^!°^^ sup \Y{s)\=Ki, a.s. 

T-»oo V T 0<s<T 

with some (unknown) constant Ki > 0. 

The large increments were studied in [7] and [8] : 
Theorem D. (Csaki et al. [7]) Under the conditions 

(0<aT<T, 

T ^ ut and T ^T/ax are both non-decreasing, 



(1.7) 



we have 



y log(T/aT) 
^ T^oo log log T 



„x ,. supo<t<T-„^ supo<«<„^ |y(i + s) -F(i)| 
(1.8) lim , = 2, a.s. 



Wen [19] studied the lag increments of Y and among others proved the following results. 
Theorem E. (Wen [19]) 

(1.9) hmsup sup — , ~ ~ = 2, a.s. 

T^oo o<t<T i/t(log(r/t) -F21oglogi) 

Under the conditions < ay < ot ^ oo as T oo, we have 

(1.10) hmsup sup = < 2, a.s. 

T^oo o<t<T-aT var(log((i -I- aT)/otT) + 21oglogaT) 

If ar is onto, then we have equahty in (1.10). 

In this note our aim is to investigate further limsup and liminf behaviors of the increments of 

Y. 
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Theorem 1.1. Assume that T ^ ar is a function such that < ut <T, and both ar and T/ax 
are non-decreasing. Then 

(i) 



(1.11) limsup — = v8, 

' ar (log ^/Tj^ + log log t) 

(iia) If ax > T(logT)-« for some a<2, then 



a.s. 



(1.12) liminf W ^°^^°^^ sup sup \Y{t + s) - Y{t)\ = K2, a.s. 

T^oo V OT 0<t<T-aT 0<s<aT 

(iib) Ifar < r(logr)-« for some a>2, then 

^o^ 1- . n SUPo<t<T-aTSUPo<s<aT + 

(1.13) limmf i — , = Ks, a.s. 

^ar log(r/aT) 

witii some positive constants K2 , K3 . If, moreover, 

y log(T/aT) 

lim — - = 00, 

T^oo log log T 

then K3 = 2. 

Theorem 1.2. Assume that T ^ ax is a function such that < Ut <T, and both and T/ax 
are non-decreasing. Then 

(i) 



(1.14) liminf VTbg]^ i^f sup \Y(t + s) - Y(t)\ = K4, a.s. 

T^oo ar 0<t<T-aT 0<s<aT 

with some positive constant K4. If, limT^ooio-T/T) = 0, then K4 = l/-\/2. 
(iia) If < p < 1, then 



(1.15) limsup i"fo<^<^-P^ ^^P0<^<PT \Y{t + s)-Yit)\ ^ 



T^oo VrioglogT 

(iib) If 



a.s. 



then 



Ft 

(1.16) limsup inf sup \Y {t + s) - Y {t)\ = K^, a.s. 

^ ^ T^oo aTVloglogrO<t<T-aT 0<s<aT 

witii some positive constant K5 . 
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Remark 1. The exact values of the constants Ki, i = 2, 3, 4, 5 are unknown. It seems difficult to 
determine the exact values of these constants. In the proofs we establish upper and lower bounds 
with possibly different constants. It follows however by 0-1 law for Brownian motion that the 
limsup's and liminf's considered here are non-random constants. 

Remark 2. Plainly we recover some previous results on the path properties ofY by considering 
particular cases of Theorems 1.1 and 1.2. For instance, Theorems A and C follow from (1.11) and 
(1.12) respectively by taking gt = T, and (1.8) follows from (1.11) combining with (1.13). However 
in Theorem 1.1 (H) and Theorem 1.2(ii) there are still small gaps in ax- 

The organization of the paper is as follows: In Section 2 some facts are presented needed in 
the proofs. Section 3 contains the necessary probability estimates. Theorem 1.1 (i) and Theorem 
l.l(iia,b) are proved in Sections 4 and 5, resp., while Theorem 1.2(i) and Theorem 1.2(iia,b) are 
proved in Sections 6 and 7, resp. 

Throughout the paper, the letter K with subscripts will denote some important but unknown 
finite positive constants, while the letter c with subscripts denotes some finite and positive universal 
constants not important in our investigations. When the constants depend on a parameter, say 5, 
they are denoted by c(5) with subscripts. 



2. Facts 



Let {W(t), i > 0} be a standard Brownian motion and define the following objects: 



(2.1) 



9 



sup{t : t < 1, W{t) = 0} 



(2.2) 



B{s) 




(2.3) 



m{s) 



\W(g + s{l-g))\ 



< s < 1. 



^r^9 



Here we summarize some well-known facts needed in our proofs. 



Fact 2.1. (Biane and Yor [4]) 



(2.4) 




Consequently we have the estimate: for S > 



(2.5) 




z > 1 



-5- 



with some positive constant ci = ci{6). Moreover, g, {B{s), < s < 1} and {m(s), < s < 1} are 
independent, g has arcsine distribution, B is a Brownian bridge and m is a Brownian meander. 



dv 



Jo m{v) ^ ^ 

CO 



m(l) = 



k=—oo k=l 

(2.7) P(m(l) >x) = e-^'/^ x > 0. 

Fact 2.2. (Yor [21, Exercise 3.4 and pp. 44]) Let Qi^Q be the law of square of Bessel bridge 
from X to Q of dimension S > during time interval [0, 1]. The process {m?{l — v),0 < v < 1) 
conditioned on {m^(l) = x} is distributed as Q^^o- Furthermore, we have 

(2.8) Qi^o = Qt^o*QUo^ VS>0,x>0, 
where * denotes convolution operator. Consequently, for any x > 

(2.9) f( [ < z m(l) =x\ >f( [ < z m(l) = o] . 

\Jo J \Jo Hv) J 

Fact 2.3. (Hu [16]) ForO<z<l 

(2.10) caexp (-^) < P( sup |y(s)| < z) < C4 exp I — - 

^ z y o<s<i ^ - 



zV 



with some positive constants 02,03,04,05. 



Fact 2.4. (Csorgo and Revesz [12]) Assume that T ^-^ ax is a function such that < ax <T, and 
both ax and T/ ax are non-decreasing. Then 

.„-,.x SUPo<t<T-aT SUPo<,<a^ |W^(t + s) - H^(i)l 

(2.11) limsup = v2, a.s. 

T^oo ^J ax {\og{T/ax) + log log T) 

Fact 2.5. (Strassen [18]) If f e S defined by (1-5), then for any partition xo = < Xi < . . . < 

Xk < Xk+i = 1 we have 

(2.12) xi (^^^'^ - /(^^-i))' < 1. 

'^i "^i — 1 



i=l 



Fact 2.6. (Chung [6]) 



(2.13) liminf Ji^^ sup |iy(5)| = ^, a.s. 

t^oo V t Q<s<t V8 

Define g{T) := max{s < T : W{s) = 0}. A joint lower class result for g{T) and M{T) :-- 
supo<s<T reads as follows. 

-6- 



Fact 2.7. (Grill [15]) Let (3{t), j{t) be positive functions slowly varying at infinity, such that 
< l3{t) < 1, < 7(t) < 1, (3{t) is non-increasing, (5{t)\/t j oo, 7(i) is monotone, 'y{t)t j oo, 
^{t)/P^{t) is monotone. Then 

P (^M{T) < (3{T)Vt, g{T) < j{T)T i.o.) = or 1 

according as I{j3,^) < oo or = oo, where 

Now define d{T) := mm{s > T : W{s) = 0}. Since {d{T) > t} = {g{t) < T}, we deduce from 
Fact 2.7 the following estimate on d{T) when T — > oo. 

Fact 2.8. With probabihty 1 

d(T) = o(r(iogT)3), r^oo. 
3. Probability estimates 

Lemma 3.1. For T > 1, 6, z > we have 

sup sup \Y{t + s)-Y{t)\> z 

. . ^0<t<T-10<s<l 

^ / / 2 \ / 2 



2(1 + 6) 



<ce(VTexp(-^)+Texp(- 
with some positive constant cq = cq{5). 

For the proof see Csaki et al. [7], Lemma 2.8. 
Lemma 3.2. For T > 1, < 5 < 1/2, z > 1 we have 

P( sup {Y{t + 1)-Y{t))>z] 
(3.2) _ ^ 

> min Q, exp (-^^)) - exp {-z^) 

with some positive constant c-j = C7{S) > 0. 

Proof. Let us construct an increasing sequence of stopping times by 770 := and 
rjk+i := inf{t > % + 1 : W{t) = 0}, A; = 0, 1,2, . . . 
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Let 



vt := min{i > 1 : rji > t} 

:=F(r?,_i + l)-y(%_i), i = l,2,. 
Then (Z^, rji — r]i-i)i>i are i.i.d. random vectors with 



law -, , 9 law -r ^ / \ 



where r has Cauchy distribution. Clearly, for t > 0, 



sup {Y{s + 1) - Y{s)) > max = Z^^, 

0<s<t l<i<i^t 



with Zk ■= maxi<j<fc Zj. First consider the Laplace transform (A > 0): 

poo 

X / e-^"P < z) du 
Jo 



oo 

k=l 

oo 

fc = l 
OO 



{Vk-i<u<r]k} ^{Zk<z} 



du 



{Zk<zV 



k=l 

oo 

l-J^EIl 

fc=i 

CXD 

1- J]e[i 

fe=l 



E 



^{Zk<z}^ 



{Zfe_i<z,Zfc>z} ' 



{Zfc_i<z}< 



fc=l 



-Ar/i 



p(y(i) > z) 

y~'p{Y{i) 



> z) 



= 1 - 



P(F(1) > z) 



1-E 



I.e., 



/•oo 

(3.3) A / e-^"P > ^) du = 

Jo 1 - 

But (recalling that Zi=Y(l)) 



p(y(i) > ^) 



E 



1-E 



l{Zi<z}e 



-A?7i 



< l-E(e-^''^)+P(F(l)>^) 
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and (cf. [14], 3.466/1) 

1 f°° e~'^(^+^^) 2 



1 - Ee"^"^ = 1 - - / — — dx = ^ / e"^ dx < 2VX, 

TT 1 + Jo 



hence 



Jo \ I - 2VX + P(y(i)>2) 

On the other hand, for any uq > we have 

nOO f-UQ f-OC 

A / e-^"P (Z^^ >z)du = X e-^"P >z)du + X e'^^F (Z^^ > z) du 

io " Jo " Juo 

It turns out that 

^ "° - ^ - 2^ + P(F(l)>z) - V2 4^ y 

where the inequahty 

X / 1 X \ 

> min (t:,;^- , x > 0, y > 



y + x- \2'2yJ' 
was used. Choosing uq = T — 1, X = z'^/uq, and applying (2.5) of Fact 2.1, we finally get 



(3.4) 



sup {Y{t + 1) - Y{t)) > z 

0<t<T-l 



> mm (^-, exp (^-^^J J - exp (-. ) . 



This proves Lemma 3.2. □ 
Lemma 3.3. For r>2, 0<k<1 and 5, z > we hsve 

(3.6) P ( sup {J{t + 1) - Yit)) <^< ^ + exp ('_c9r(^-'^)/2g-(i+5)zV8') 
Vo<t<T-i / -T'*/^ V / 

with some positive constant cg = C9{6). 

See Csaki et al. [7], Lemma 3.1. 
Lemma 3.4. For T > 1, < z < 1/2 we have 

p( sup sup |F(t + s) -y(t)| < z ) > ^expl"-^) 
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with some positive constants cio, cn. 



Proof. Define the events 



and 



A := <! sup \Y{s)\ < J, W{1) > - inf W{u) > - 

,0<s<l 4 Z l<u<T Z 



A:=\ sup sup \Y{t + s)-Y{t)\<z} . 

,0<t<T-l 0<s<l 



Then A c A, since if A occurs and t < 1, t + s < 1, then 



\Y{t + s)- Y{t)\ < 2 sup \Y{s)\ <-<z. 

0<s<l ^ 



If A occurs and t<l, s<l, l<t + s<T, then 

\Y{t + s)- Y{t)\ < Y{t + s)- Y{1) + \Y{t) - Y{1)\ < 
Moreover, if A occurs and 1 < t, s < 1, t + s < T, then 



du z 



W{u) 2 



*+* du z 

< - <z. 



Hence A c A as claimed. But by the Markov property of W, 



(3.8) F{A) = [ P f sup \Y{s)\ < - W(\) = x 

Ji/z Vo<s<i 4 



inf W(u) > - W(l) = X M dx, 

l<u<T Z I ^ ^ ' 



where if denotes the standard normal density function. 

Using reflection principle and x>A/z,z<\/2^we get 



(3.9) 



inf Win) > - Wil) = x\ =2$ 

l<u<T ^ ' Z ' 



> 2^ 



- 1 > 2$ 



-1 > 



x-2/z 

Cl2 



1 



^zVt^, 

with some constant c > 0, where #(•) is the standard normal distribution function. Hence 

Cl2 



(3.10) 



¥{A) > ¥{A) > 



T \o<s<i 



sup \Y{s)\ < ^, W{1) > - 



To get a lower bound of the probability on the right-hand side, define g, {m{v), < v < 1), 
iB{u), < n < 1) by (2.1), (2.2) and (2.3), respectively. Recall (see Fact 2.1 ) that these three 
objects are independent, g has arc sine distribution, m is a Brownian meander and S is a Brownian 
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with some positive constants cie, cn = cn{d), cig = Ci8(5), cig = cig{S). 



Proof. Consider a positive integer N to be given later, h = {T—l)/N, tk = kh, k = 0,1,2, ... ,N. 
Then for < (5 < 1/2 we have 



^L/^^ . \yit+s)-Yit)\<z) 

\0<t<T-l o<s<l / 



<P( inf sup \Y{tk + s) -Y{tk)\ < {1 + S)z] +¥ ( sup sup \Y{t + s) - Y{t)\ > 6z 

\0<k<N o<g<i J \0<t<T-10<s<h 

= ■ Pi + P2. 

By scahng and Lemma 3.1 

Pa = P I sup sup \Y{t + s)- Y{t)\ > ^ ) 

\0<t<(T-l)/hO<s<l Vh I 



, IT-I ^ f 5^z^ \ [T-l \ ( 52^2 
< C6 a/ —r— + 1 exp -^TT— ^ + + 1 exp 



< 2c6(Ar + l)exp - 



h '---y 8h{i + 6)J ' \ h 2h{i + 5), 

6^z^ 
8h{l + 5), 

To bound Pi, we denote by d{t) := inf{s > t : W{s) = 0} the first zero of W after t. Consider 
those k for which supo<s<i \Y{tk + s) — Y(tk)\ < (1 + S)z. If, moreover, d{tk) > tk + 1 ~ S, which 
means that the Brownian motion W does not change sign over [tk,tk + 1 — 6), then 

ds 1-S 



{l + S)z>\Y{tk + l-S)-Y{tk)\= rf^TTT— iwr ^ 

Jo \W{tk + s)| supo<s<T \W{s) 

and it follows that 

(l-<5) 



Pi<P sup \Wis)\> 

0<s<T z{l + d) 

+ ¥{3k<N : sup \Y{tk + s) - Y{tk)\ < (1 + d)z; d{tk) < tk + 1 - d 

0<s<l 

<4exp - ^ ^ 



2(l + (5)2z2r^ 

+ Vpf sup \Y{tk + s)-Y{tk)\ < {1 + S)z;d{tk) <tk + l-6] . 

t^O V0<s<l J 

Let W{s) = W{d{tk) + s) for s > and Y{s) be the associated principal values. Observe 
that on {supo<s<i \Y{tk + s) - Y{tk)\ < (1 + S)z;d{tk) <tk + l-S}, we have supo<„<5 \Y{u) + 
iY{d{tk)) - Y{tk))\ < (1 + S)z, and \Y{d{tk)) - Y{tk)\ < (1 + d)z which implies that 

sup \Y{u)\ < 2{1 + 6)z. 

0<u<5 
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By scaling and Fact 2.3 we have 



Therefore, we obtain: 



Hence 



^ ^^^p ( - 2(i+"^)w ) + ^^(^ + ^) (- 4(rTW 



Pi + P2 < 4exp ( --SLJl\ + c4(iV + 1) exp (- ""'^ 



2{l + S)^z^Tj ' J-^y 4(1 + (5)2^2 



+2ce(iV + l)exp{-^^^^^^^ 



By taking iV = [eC5<5/(4(i+5)^z^)] + gg^. 
P1 + P2 



< ( exp 1 - 2(i + ^)2,2r J +^-P 1,- 4(1 + ^)2.2 J +«-P - 
with relevant constants cie, C17, cis, cig, proving (3.13). □ 

4. Proof of Theorem 1.1 (i) 

The upper estimation, i.e. 

(4.1) limsup - = < 1, a.s. 

J 8aT (log ^/tJ^ + log log r) 

follows easily from Wen's Theorem E. 
Now we prove the lower bound, i.e. 

. . ON 1- supo<t<T-„^ supo<,<„^ \Y{t + s) - Y{t)\ 

(4.2) limsup > 1, a.s. 

"^"^ J 8aT (log ^/T/^ + log log r) 

In the case when ar = T, (4.2) follows from the law of the iterated logarithm (1.3) of Theorem 
A. Now we assume that ut/T < p < 1, with some constant p for all T > 0. 
By scaling, (3.2) of Lemma 3.2 is equivalent to 

sup {Y{t + a) -Y{t))> z^/^ 

0<t<T-a 

> mm exp (^-^^ ) ) " exp (-. ) 
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for < a < T, < J < 1/2, z > 1. 
Define the sequences 

(4.4) ^^:=e7'=l°g^ k = l,2,... 
and 00 := 0, 

(4.5) Ok := inf{t > Tk : W{t) = 0}, k = l,2,..., 
where := 9k-i + ifc. For < 6 < min(l/2, 1 — p) define the events 



Ak:={ sup (F(^fc_i + t + at J - y(^fc_i + t)) > (1 - (^)/34 , A; = 1,2,, 

{0<t<tk{l-5)-at^ I 



with 



8at^ \ log + loglogtfe |. 



Applying (4.3) with T = tkil - S), a = at^, z = {1 - S)^8{log ^/ik/at^ +loglogtk), 
for k large 

P(^fe)=p( sup (y(t + atj-y(t))> (l-(5)/?fe I 

\0<t<tfc(l-5)-atj, J 



> min 

with 



1 6fc \ 1 



2' (logifc)i-V (logifc)8(i-^)^ 



_ C7\/^fc(l - '^)/atfc - 1 ^ _C20_ 

(tfe/at J(i-5)/yiog + logliti ~ 

Hence ]P(^fc) = oo and since Ak are independent, Borel-Cantelli lemma yields 

P(^fei.O.) = 1. 

It follows that 

^'^Po<t<t,a-S)-a,,{y{<^k-i + t + atJ-Y{ek-i + t)) 
(4.6) limsup 1 = > 1 — 0, a.s. 

fe— >oo 



^8at, (iGgy^ + loglogife) 



It can be seen (cf. [9]) that we have almost surely for large enough k 

tk<Tk< tk (l + ^) ' 



consequently 

(4.7) lim ^ = 1, a.s. 

fe— >oo 1 jt- 



Since by our assumptions 



we have also 



-^<^<1, 



(4.8) lim = 1, a.s. 

fc— >oo ClT^. 

On the other hand, for any S > small enough we have almost surely for large k 

a-Tk < (1 + S)ati^ < tkS + at^ , 



thus 

consequently 
(4.9) 

hence we have also 



sup sup \Y{t + s) -Y{t)\ 

0<t<Tk-aT^ 0<s<aTj. 

> sup {Y{ek-i + t + at,)-Y{ek-i + t)), 

0<t<tfc(l-5)-atj^ 



,r.^ r s^Po<t<T.-aT, supo<,<„ \Yit + s)- Y{t)\ 
(4.10) limsup >l-S, a.s. 

ySat, (log^ + loglogtfe) 
and since 6 > can be arbitrary small, (4.2) follows by combining (4.7), (4.8), (4.9) and (4.10). □ 



5. Proof of Theorem 1.1 (ii) 

First assume that 

T 

(5.1) ttT > T. — 7^;r- for some a <2. 

^ ' (logT)« 

By Theorem C, 



/loe logT 

liminf J ^ ^ sup sup \Y{t + s) - Y{t)\ 

^^2^ T^oo V «T 0<t<T-aTO<s<aT 

/log log Ct m ^ 

>hmmr'i/ sup \Y{s)\>Ki, a.s., 

T^oo V OT 0<s<aT 
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proving the lower bound in (1.12). 

To get an upper bound, note that by scaling, (3.7) of Lemma 3.4 is equivalent to 

(5.3) P( sup sup \Y{s + t)-Y{t)\<zV^) > do J ^exp(-^) 

\0<t<T-aO<s<a J \^ \ Z^J 

for T > a, < z < 1/2. 

Let tfc and dk be defined by (4.4) and (4.5), resp., as in the proof of Theorem l.l(i) and for 
any £ > and for (5 > such that ajl + cn/S'^ < 1, define the events 



0<t<(l+£)tfc-at^.(i + e) 0<s<at^(i+^) V ^OgiOgifc J 



Ek:={ sup sup \Y{ek-i + t + s)-Y{ek-^ + t)\<5 



Then putting T = (1 + e)tk, a = a(i+£)t^, 2; = (5/Vloglogi^, into (5.3), we get 



P(£;fe) = P I sup sup \Y{t + s)- Y{t)\ < 5. ' 



0<t<(l+£)tfc-at^(i+,) 0<s<at^(i+^) V loglog*fc 

> cio,/f^exp(-(cn/<52)loglog((l + £)ifc)) > ''^^ 



hence Ylik ^i^k) = 00, and since are independent, we have P(-E'fc i.o.) = 1, i.e. 



(5.4) liminf J ^°^^°^^^ sup sup \Y{ek-i + t + s) -Y{ek-i+t)\ < 5, a.s. 

for any e. Put, as before, = 0k-i + tk- For large enough k by (4.7) and (4.8) we have 
OTfc < (1 + ^)atk^ a.s. and - ar^ < Ok-i + (1 + e)ife - (1 + £)otfc> a.s. Thus given any e > 0, we 
have for large k 

sup sup \Y{t + s)-Y{t)\ 

(5.5) 

<2 sup \Y{t)\+ sup sup \Y{0k-i + t + s) -Y{ek-i + t)\. 

0<t<ek-i 0<t<(l+£)tfc-at^(i+^) 0<s<at^(i+^) 

By Theorem A, Fact 2.8, (4.7), (5.1) and simple calculation, 

sup \Y{t)\ = 0(efc_iloglog^fc_i)i/2 

o<t<ek-i 

(5.6) 1/2 

= 0(tfc-i(logtfc-i)'loglogtfc-i)^/^ = o Lpg^pg^ J > a.s. 

as A; ^ 00. Assembling (5.4), (5.5) and (5.6), we get 



liniinf Ji^^^^ sup sup \Y {t + s) - Y {t)\ 
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= lim inf -i / '^'^ sup sup \Y{t + s) — Y{t)\ < 6, a.s. 

fe^oo y aTfe 0<t<Tk-aT^ 0<s<aTj, 

which together with (5.2) yields (1.12). 
Now assume that 

T 

(5.7) ttT < T, — 7^;r- for some a> 2. 

^ ' ^ - (logT)« 

By Theorem l.l(i), 

\Y{t + s)-Y{t)\ 



T->oo 



< Hmsup 



^/orlogiT/aT) 

SUPo<t<T-aT SUPo<s<aT + «) " ^^"(Ol 



(5.8) T^oo ^ar log(r/aT) 



, supo<t<T-a^ supo<,<„^ |y(t + s) - F(t)| /a + 2 
< hmsup ~ ~ < 2\ , 



(logV^T^ + iogiogr) 



i.e., an upper bound in (1.13) follows. 

To get a lower bound under (5.7), observe that by scaling, (3.6) of Lemma 3.3 is equivalent to 



P (^^^sup {Y{t + a) - Y{t)) < z^/i^ < 5 + exp ^-cg (^^^ 

for a < T, < K < 1, < 5, < z. Using (5.7) we get further 

P ( sup {Y{t + a) - Y{t)) < zV^] 
(5.9) Vo<t<T-„ / 

^ (bi^ + (-^^ (iogr)«(-«)/^) e-(^-^)^V8) . 



g -(1+<5)2V8 



In the case when (1.7) holds, (1.13) was proved in [7]. In other cases the proof is similar. Let 



Tu = and define the events 



Fk = \ sup {Y{t + arj - Y{t)) < cJar, log — 



with some constant Ci to be given later. By (5.9) 

5 



k 

For given a > 2, choose small £>0, /« = 2/a + £: 



Ci = 24 



'a - 2 - 2c(l + a) 



{l + e)a 



One can easily see that with these choices J2k ^i^k) < oo, consequently 

. ^ supo<,<^^_ {Y{t + arj - Y{t)) 
limini = > 61, a.s., 

log ^ 

implying also 

|F(t + s)-y(t)| la -2 
liminf , = > 2\ , a.s., 

V«^.log^ V a 

for £ can be choosen arbitrary small. 

Since supo<t<j-_(j^ s^Po<s<aT + ~ increasing in T, we obtain a lower bound 

in (1.13). This together with the 0-1 law for Brownian motion complete the proof of Theorem 
l.l(ii). □ 



6. Proof of Theorem 1.2(i) 



If ax = T, then (1.14) is equivalent to Theorem C. Now assume that p := limy^oo o-t/T < 1. 
First we prove the lower bound, i.e. 



(6.1) liminf ^^^^^^^^^ inf sup \Y{t + s) -Y{t)\> c, a.s. 

T^oo ar 0<t<T-aT 0<s<aT 

By scaling, (3.13) of Lemma 3.5 is equivalent to 



(6.2) 



inf sup \Y{t + s)-Y{t)\<z 

0<t<T-oo<s<a 



a{^-Sy \ ( C5S \ ,^^^f2ll_ ^18"^ -cip/^^ 



ior a<T,0<z< 1/2, 0<d< 1/2. 
Define the events 



i 



Gk = < inf sup \Y{t + s)-Y{t)\<Zk} A; = 1,2,. 

\^0<t<Tk+i-aT^ 0<s<aTj. J 



Let Tk = e'' and put T = T^+i, a = ax^ , 



Tfc+iloglogTfc+i 

into (6.2). The constant C2 will be choosen later. Denoting the terms on the right-hand side of 
(6.2) by Ii, I3, resp., we have 

P(G.)<Ci6(jf^+jf)+jf ), 



where 



^ = exp loglogTfe+i 
I\ = exp \^--^^—log\ogTk+i J , 



C|aT, rlloglogTfe+i 

with some constants C21 = C2i((5), C22 = C22(<5), C23, C24, C25. 

One can see easily that for any choice of positive C2 and for all possible ar (satisfying our 
conditions) we have I^'^'' < 00. So we show that for appropriate choice of C2 we have also 
E,/f <oo,j = l,2. 

First consider the case < p > 0. Choosing a positive 5 one can select C2 < min(^C2i, \J ^) 
and it is easy to verify that Ylik -^j^^ < 00, j = 1, 2, hence also Ylik ^(^fe) < 

In the case p = choose C2 < (1 — <5)/((l + <5)'\/2)- With this choice we have Ylik ^i'^ < °° 
for arbitrary (5 > 0. Since limfe^oo(^fe/«rfc) = OO; we have also < °° ^^"^ Sfc^(^fc) < 

Borell-Cantelli lemma and interpolation between T^'s finish the proof of (6.1). We have also verified 
that in the case p = one can choose C2 = 1/ \/2, since 5 can be choosen arbitrary small. 

Now we turn to the proof of the upper bound, i.e. 

\/T loe loe T 

(6.3) liminf inf sup \Y{t + s) -Y{t)\ < C^, a.s. 

T^oo Qt 0<t<T-aT 0<s<aT 

with some constant C3. 
If p > 0, then 

inf sup \Y(t + s)-Y{t)\< sup \Y{s)\< sup |y(.)| 

0<t<T-aT 0<s<aT 0<s<aT 0<s<T 

and hence (6.3) with some positive constant C3 follows from Theorem C. 
If p = 0, then let for any £ > 

(6.4) At :=inf{t : |W(t)| = sup \W{s)\}. 

o<s<r(i-£) 

According to the law of the iterated logarithm, with probability one there exists a sequence {Tj, i > 
1} such that limj^oo 7i = 00 and 



(6.5) 



|t^(AtJ| > y2r,(i-£)iogiogri. 
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But Fact 2.4 implies that for e > 

(6.6) \W{Xt,) - Wis)\ < V2(l + £)£riloglogri, At, < s < At, + sT^, i > 1. 

Now assume that VF(ArJ > 0. The case when M^(AtJ < is similar. Then (6.5) and (6.6) imply 

(6.7) W{s) > (yi^ - V£(l + e)) V2T,loglogri, At, < s < At, + eT,. 

p = implies that ot < sT for any £ > and large enough T, hence we have from (6.7) for large i 



/.AT-- 

sup (y(AT, +s)- y(ATj) = Y{Xt, + AT,) - y(ArJ = / 



0<s<aT, J\t, ^(«) 

<- ^ 

~ (yT^-y/e{l + e)) V2raoglogr/ 

Since e > is arbitrary, (6.3) follows with C3 = l/\/2. This completes the proof of Theorem 1.2(i). 
□ 

7. Proof of Theorem 1.2(ii) 

If p = 1, then (1.15) is equivalent to (1.3) of Theorem A. So we may assume that < p < 1. 
First we prove the upper bound 

info<t<T-pT supo<,<^ \Y{t + s)-Y{t)\ 
hmsup ; ~ ~ 1 rr ^ P' ^.s. 

T^oo vS-Tiogiogr 

Let k be the largest integer for which kp < 1 and put Xi = ip, i = 0,1, ... ,k, Xk+i = 1. It suffices 
to show that if / € 5 defined by (1.5), then 

.J^u^. ^^^^^^ ~ /(^i-i)l < P- 

l<i<k+l 

Assume on the contrary that 

|/(xi)-/(xi_i)| >p, Vi = l,2,...,fc + 1. 

Then 

g yfewfe^ > V + ^ = + ^ > 1. 

^ Xi- Xi-i . P 1- kp 1- kp 

contradicting (2.12) of Fact 2.5. This proves (7.1). 
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The lower bound 



7-2 hmsup - -'^ >p, a.s. 

follows from the fact that by Theorem B the function /(x) = x, < a; < 1 is a limit point of 

Y{xt) 

Vsriogiogf 

and for this function 

min \f{x + p) - f{x)\= p. 

0<x<l—p 

This completes the proof of Theorem 1.2(iia). □ 
Now assume that 

(7.3) lim "Hloglogrf ^ 

Define At as in (6.4). Then according to Chung's LIL (cf. Fact 2.6) 



TT 



for every T sufficiently large. But according to Fact 2.4, 

sup \W{\t + s)-W{Xt)\ 

0<s<aT 



< V(2 + e)aT{log{T/aT) + loglogT) < ^ 



Assuming W{Xt) > 0, we get 



W(At + s)> W(\t) - J ^4^^ >cJ ^ 



Hence 



loglogT y loglogT 



inf sup \Y{t + s)-Yit)\<Y{XT + aT)-Y{XT) 

0<t<T-aT 0<s<aT 



ds ^ ttT /loglogT 



/o W{Xt + s) - C V T 
for all large T. 

The case when W{Xt) < is similar. This shows the upper bound in (1.16). 
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For the lower bound we use Fact 2.6: with probabihty one 



(7.5) Qt < T, — — max \W{u)\< — - — — i.o. 

^ ' (loglogr)2' o<«<t' ^ - ^yioglogT 

According to Theorem 1.2(i) for every large T we have for any £ > and sufficiently large T 



inf sup \Y{t + s)-Y(t)\ 

^ {Kj - e)aT ^ (1^4 - £)Qr 

V T , ^ ~ V(l + £)rioglogr' 

( (loglogT)^ log log r 

On the other hand, if r(loglogr)-2 <t<T-aT, then by (7.5) 



ds aT\/2 log log T 



Combining (7.6) and (7.7) we get for e > and all large T 

inf sup \Y{t + s) - Y{t)\ > mm -j==, — 7f ■ 

0<t<T-aT o<s<aT \y/l+enj 1 

This shows the lower bound in (1.16). The proof of Theorem 1.2(iib) is complete by applying 
the 0-1 law for Brownian motion. □ 
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